We study the flavor-changing quark-graviton vertex that is induced at the one-loop level when gravitational interactions are coupled to the Standard Model. Due to the conservation of the energy-momentum tensor the corresponding form factors turn out to be finite and gauge-invariant. Analytical expressions of the form factors are provided at the leading order in the external masses. We show that flavor-changing interactions in gravity are local if the graviton is strictly massless while if the graviton has a small mass long-range interactions inducing a flavor-changing contribution in the Newton potential appear. Flavor-changing processes with massive spin-2 particles are also briefly discussed. These results can be generalized to the case of lepton-graviton coupling.
Introduction
Gravity is the only fundamental interaction which is universally coupled to all matter fields. Universality is then guaranteed by the tree-level coupling of the graviton field with the conserved energy-momentum tensor. However, when quantum corrections are taken into account, mattercoupling universality could be spoiled.
It is known that quantum corrections to the graviton-matter vertices (without gravitons in the loops) are finite if the underlying theory of matter fields (in flat space-time) is renormalizable [1, 2, 3, 4, 5, 6] . This remarkable property is just a consequence of the Ward Identities (WI) that result from the energy-momentum conservation [3] . Therefore, (matter) radiative corrections to the graviton-matter vertices can be consistently calculated in the framework of gravity coupled to the Standard Model (SM) theory.
Long ago, Berends and Gastmans evaluated the finite corrections to the graviton-photon and graviton-electron vertices due to virtual quantum electrodynamical (QED) processes at the one-loop level * [6] . In the latter case the corrections found lead to a modification of the Newton's law. In particular, for an electron (or any charged particle) in a gravitational field of a stationary mass M, they found a repulsive correction term proportional to the classical radius of the particle, r e = α/m e , or
where G N is the Newton constant, α is the fine-structure constant and m e the mass of the electron. At macroscopic distances (r ≫ r e ) the modification of Newton's law induced by the 1/r 2 term in Eq. (1) is extremely small, O (10 −22 ) at the surface of the earth [6] .
The term 1/r 2 has an infrared origin as it can be simply understood by looking at the singular behavior of the one-loop Feynman diagrams in the massless limit (m e → 0). The correction to the tree-level electron-graviton vertex is proportional to α −q 2 /m 2 e for negative small values of q 2 , where q is the momentum transfer. This is due to the fact that the photon has a tree-level coupling with the graviton. Then, the diagram where the external graviton is attached to two virtual photons in the loop contains a term with a power-like infrared singularity as m e → 0. Thus, after Fourier transforming into coordinates space, this contribution gives rise to a 1/(r 2 m e ) correction to the Newton potential. Notice that there is no counterpart of such effect in QED. Indeed, due to the absence of self-photon interactions at tree-level, the Coulomb potential is protected against 1/r 2 corrections of order O(α).
It is remarkable that, although derived in the framework of quantum field theory, the 1/r 2 term in Eq.
(1) has a pure classical origin and it was first obtained on the basis of purely classical considerations in Ref. [7] . Indeed this term arises from the fact that the total mass of the particle is not concentrated at a point but is partly distributed as field energy in the space around the particle [7] . When gravity is coupled to the weak interactions the one-loop radiative corrections to the graviton-fermion vertex will include also the virtual exchanges of the weak gauge bosons W ± and Z. At the moment, a complete study of these effects is still missing. These corrections are expected to give small contributions in the low energy limit and furthermore to be infrared safe, being the W ± and Z massive. Therefore, no long-distance modifications in the Newton potential are expected from the weak radiative corrections. A peculiar aspect of the weak interactions is that they can induce (at one-loop) flavor changing neutral currents (FCNC) processes in the fermionic sector. Since FCNC are absent at tree-level, they arise as a pure quantum effect. Analogously, flavor-changing (FC) graviton vertices are not present at the tree-level. However, when gravity is coupled to the weak interactions, quantum weak-corrections can induce an off-diagonal contribution (in flavor space) to the energy momentum tensor. These effects are the spin-2 counterpart of the standard spin-1 FCNC contribution in the SM. Because of the tensorial nature of the coupling of spin-2 particles to the matter fields we will refer to these effects as tensorial flavor changing neutral currents (TFCNC).
The aim of this paper is to compute the form factors of the TFCNC and analyze their gravitational couplings. We perform the exact computation of the one-loop FC fermion-graviton vertex, i.e. retaining the full dependence on all masses and momenta. We investigate under which conditions these effective couplings could induce modifications in the Newton potential discussing both cases of massless and massive graviton exchange. We consider a few applications of these results in the case of massive spin-2 particles. In particular, we analyze the FC decay f 1 → f 2 G, and the decay G → f 1f2 where G stands for a massive spin-2 particle. Our results can be easily generalized to the leptonic sector with massive Dirac neutrinos, provided the CKM matrix of the quark sector is substituted with the corresponding leptonic one.
The paper is organized as follows. In section 2 we specify the interaction between the SM fields and the graviton by suitable choosing a gauge that avoids the appearance of cubic vector boson-Goldstone-graviton interactions. We analyze the general structure of the off-diagonal matrix element (in flavor space) of the energy-momentum tensor of fermion fields, derive the corresponding Ward-Identities, and provide the analytical expressions of the relevant form factors. The analysis of the gravitational couplings of the TFCNC is carried out in section 3 . In section 4 we analyze a few applications of these results. Finally, section 5 contains our conclusions.
Flavor changing quark-graviton vertex
We are going to evaluate the interaction between the graviton and two generic fermion states with different flavor or the off-diagonal matrix element of the energy momentum tensor T µν (x).
In particular, working in the basis of mass-eigenstates for the fermion fields, we are interested in calculating the following matrix element †
where the initial and final states are assumed to have momenta p 1 and p 2 respectively with p
and spinorial wave-functions u i (p i ) (i = 1, 2) while the four-momenta p, q are defined as p = p 1 + p 2 and q = p 1 − p 2 . It is understood that initial and final states have different flavor and mass. The relevant Feynman rules which are necessary in order to calculate the above matrix element, can be easily derived by looking at the graviton couplings with matter fields.
The interactions between gravity and the SM fields are assumed to be described by the action integral
where the SM lagrangian, L SM , is thought to be written in terms of the metric tensor g µν and for the fermionic part using the vierbein formalism. In Eq.(3) g = det g µν and L SM includes the classical term and the gauge-fixing function in the R ξ gauge (the term with the ghost fields is not relevant for our discussion). To obtain the interaction of the graviton with the SM fields we expand in Eq.(3) the metric g µν around the flat one as g µν = η µν + κh µν , retaining only the first term in the graviton field where η µν = (+1, −1, −1, −1), κ = √ 32πG N , and h µν is interpreted as the spin-2 graviton field. We notice that, if in the gauge-fixing term in L SM the standard 't Hooft gauge-fixing function is taken, vertices in which a graviton field induces a transition between a vector boson and its unphysical Goldstone boson counterpart are going to appear [8] . In order to avoid the appearance of vector-Goldstone-graviton interactions we find it convenient to use a modified version of the 't-Hooft gauge-fixing function, or 
is the Christoffel symbol, and
with φ 1 the physical Higgs field, φ + and φ 2 the unphysical counterparts of the W + and Z vector boson and v the vacuum expectation value. At the first order in the κ expansion, the interaction Lagrangian for the tree-level graviton coupling to SM fields, is
where T µν is the energy momentum tensor of matter fields obtained from the Lagrangian in Eq. (3) with the gauge fixing function given in Eq.(4). The mass scaleM P appearing in Eq. (7) is the reduced Plank mass defined asM P ≡ 2/κ. From Eq.(7), the Feynman rules can be derived. The ones, in the R ξ gauge, relevant for our calculation are collected in Appendix A. Feynman rules for graviton interactions with vector bosons, in the unitary gauge, can be found in Refs. [9, 10, 11] . Due to the V-A nature of the charged weak currents, the exact expression of the off-diagonal matrix element (in flavor space) of energy-momentum tensorT µν has the following structurê
with
The addition of a term proportional to the Christoffel symbol in the gauge-fixing function of a spin-1 massive particle was considered in Ref. [9] . However in that work the mechanism of mass-generation for the spin-1 particle was not addressed.
where
The form factors appearing in Eq. (8) are not all independent. Indeed, due to the conservation of the energy momentum tensor ∂ µ T µν (x) = 0 (or equivalently ∂ ν T µν (x) = 0 ), a sub-set of independent form factors arise. In momentum space, this relation is translated into
which reduce the number of form factors f i (p, q) in Eq. (8) into an independent sub-set. Applying Eq.(10) into the r.h.s of Eq. (8), we get the following set of Ward Identities (WI)
These relations provide a strong check of our calculation in terms of Feynman diagrams. In the case of light external states, the dominant contribution toT µν comes from the O 1
and O 2 structures. Indeed the O 3 -O 10 structures have a single chiral suppression while O 11 and O 12 are double chirally suppressed.
The interaction of the graviton with two different fermion fields is described at the lowest order by the one-loop diagrams drawn § in Fig.1 . To be definite we assume the external fermion § Feynman diagrams have been drawn using JaxoDraw [12] f 1
The one-loop Feynman diagrams contributing to the flavor-changing quark-graviton vertex in the unitary gauge. In the R ξ gauge there is also the contribution of diagrams where the W boson is replaced by its unphysical counterpart.
states to be quarks of different generation, then the mixing matrix entering in the W + and φ + vertices is the CKM matrix. We evaluated exactly, namely keeping the complete dependence on the p, q momenta and on the internal/external masses, the Feynman diagrams in Fig.1 to obtain the form factors f i (p, q) appearing in Eq. (8) . The calculation has been performed in the 't Hooft-Feynman gauge (ξ = 1) and cross-checked in the unitary gauge. While in the 't Hooft-Feynman gauge the result is finite before the application of the GIM mechanism, in the unitary gauge the GIM is needed to cancel some residual divergent term. From our result we explicitly verified all the WI reported in Eq. (11) . It should be pointed out that to satisfy the WI the ξ-dependent term in the W + W − graviton vertex (see Eq.(38) in Appendix A) was necessary. The complete result is too long to be reported however, since we are mainly interested in analyzing the effects of the TFCNC in low energy processes, we report here the leading term of the form factors f i (p, q) in a q 2 /m 2 W and (p · q)/m 2 W expansion of the matrix element, keeping the dependence on the internal fermion masses exact. In this approximation, the non-vanishing factors are given by
W with m f the mass of the fermion running into the loop and
(the external quarks are assumed to be of the down type), with K ij the corresponding CKM matrix element. The functions g i (x) appearing in Eq. (12) are given by
It is easy to check that, in this approximation, the form factors in Eq.(12) satisfy the WI in Eq. (11) . From Eqs. (12), (13) one sees that the leading contribution toT µν is given in terms of two functions, namely g a (x) and g b (x). Indeed the explicit expression of the leading terms in
and gauge invariance, q µ T µν = 0, is easily verified using
In appendix B we presentT µν in the approximation (p · q) = p 2 + q 2 = 0 keeping the full dependence on q 2 and the internal masses.
Flavor-changing gravitational couplings
In this section we analyze the matrix element of the TFCNC coupled to an external gravitational source at the tree-level. We consider the following gravitational scattering
where T ext µν indicates the energy momentum tensor of the external source, assumed to be conserved (∂ µ T ext µν = 0), and f 1,2 (p 1,2 ) are two fermions of different flavor and masses, with associated four momenta p 1,2 respectively. In momentum space, the corresponding one-graviton exchange amplitude is given by
is the graviton propagator in momentum space, with
is the Fourier transform of T ext µν (x). It is understood that all index are contracted with the Minkowski metric η µν . In the Einstein theory, the graviton propagator, in a covariant gauge, is given by
where the last term Q µναβ (q), which is gauge dependent, is a tensor made by linear combinations of an even number of q momenta with open indices, such as for instance q µ q ν η αβ or q µ q ν q α q β .
It is also possible to set Q µναβ = 0 by a particular gauge choice [13] . Nevertheless, due to the conservation of the energy-momentum tensor, the contribution of Q µναβ (q) vanishes when contracted withT µν orT ext αβ , leading to a gauge invariant result. By using the energy-momentum conservation, we can write
where we introduce, for later reference, the numerical factor C that in the present case (massless graviton) is equal to 1. Due to the fact that the r.h.s. of Eq. (18) is not vanishing, the scattering of a fermion on an external gravitational field can induce a FC transition. Despite the presence of the 1/q 2 pole in Eq.(18), the FC gravitational transition turns out to be local. Indeed by using the leading contributions from Eq. (14) in Eq. (18) we find
The second line in Eq.(19) is zero if C=1 (massless graviton) showing that in the Einstein theory of General Relativity the 1/q 2 pole cancels out. This is a general result that holds also in the exact case, as can be easily proved using the WI in Eq.(11).
As we can see from Eq.(19), gravity and weak interactions induce at one-loop an effective local interaction for the ∆F = 1 flavor transitions. The leading contribution to the corresponding effective Hamiltonian is given by local operators of dimension eight. The characteristic scale of this effective theory is Λ = √ M P m W ∼ 10 10 GeV, which is six order of magnitude below the GUT scale. However, with respect to the known dimension six operators in the ∆F = 1 effective Hamiltonian of weak interaction the TFCNC gravitational operators induce negligible effects because the scale Λ is much higher and moreover it enters in Eq.(19) at the fourth power. The fact that the 1/q 2 pole cancels out in the amplitude M in Eq. (18) for a massless graviton, can be simply understood in terms of angular momentum conservation. Let us suppose that the numerator of M does not vanish in the q 2 → 0 limit. If this would be the case, then TFCNC could be directly coupled to a on-shell massless graviton (q 2 = 0). In particular, a non-vanishing matrix element for the fermion decay f 1 → f 2 G would be possible, where G is an on-shell graviton and m f 1 > m f 2 . However, the decay f 1 → f 2 G is forbidden by angularmomentum conservation as can be easily understood looking, in the rest frame of the decaying particle, at the conservation of the angular momentum along the momentum direction of the two final states. In this frame one can see that angular momentum conservation is unbalanced along this direction, since a massless graviton carries only helicity states ±2, while fermions can only have helicity states ±1/2. Therefore, in the case of massless graviton, only contact terms in the amplitude M are allowed. Instead the fermion decay f 1 → f 2 G does not vanish if the graviton has a small mass. Indeed, the spin content of a massive graviton contains five independent polarization states, including, among the spin-2 and spin-1 polarizations, also a spin-0 one. Then, the on-shell transition f 1 → f 2 G is allowed by angular momentum conservation due to the presence of the spin-0 graviton polarization. We consider now a scenario in which the graviton has a very small mass m G . In this case, the corresponding graviton propagator in the unitary gauge is given by [13] 
The terms proportional to q/m G , that in principle can be very enhanced, actually vanish when contracted with T µν and therefore do not contribute to the analogous transition amplitude M in Eq. (18) . We assume here that m G is small enough that the corresponding Newton potential (V (r) ∼ 1 r e −rm G ) is not affected by its effect. This is clearly true for distances r ≪ 1/m G , where V (r) ∼ 1/r. We recall that, apart from terms proportional to the momentum q, the massive graviton propagator in Eq.(20) differs from the one of the Einstein theory in Eq.(17) by a finite term proportional to η µν η αβ which does not vanish in the limit m G → 0. This is a consequence of the fact that the spin-0 component of the graviton field does not decouple in the limit m G → 0, giving rise to a real graviton-mass discontinuity. This phenomenon was discovered by van Dam, Veltman [13] and Zakharov [14] (vDVZ), by analyzing the one-graviton exchange amplitude.
In particular, they found that if the graviton has a small mass, no matter how small, a finite difference in the deflection angle for the light-bending from the sun would be predicted with respect to the massless case. Then, since this prediction is out of 25% from the measured value (which is in agreement with the General Relativity predictions), they concluded that the massive gravity theory can be ruled out by solar system observations. This conclusion relies on the fact that the terms singular in m G vanish in the one-graviton approximation. However, there are criticisms on the validity of this approximation based on the observation that higher order corrections can be singular in the graviton mass and therefore cannot be neglected [15, 16] . Here we show that there exists another aspect of the vDVZ discontinuity, to our knowledge not considered so far, concerning the flavor-changing contribution to the Newton potential in the massive gravity theory. In order to see that, let us consider the amplitude in Eq. (16) in the case of one massive graviton exchange. It can be easily obtained from Eq.(19) with C = 2/3 giving
A remarkable aspect of Eq. (21) is that the 1/q 2 pole in the last term does not vanish in the limit m G → 0. As a consequence it generates an off-diagonal contribution (in flavor space) to the Newton potential. In order to see that, one has to first look at the non-relativistic limit of Eq.(21) in the case of an external heavy gravitational source. This should be compared with the Born approximation to the corresponding scattering amplitude in non-relativistic quantum mechanics written in terms of the potential function V (r). Then, the matrix element of the Newton potential V (r) (generated by an heavy massive particle M) between initial and final fermions states is
where G N is the Newton constant for the massive-graviton case [13] and δ ij is the delta-function in flavor space, the indices i and j standing for the in-and out-going fermion states respectively. The discontinuity in m G is manifest in the fact that in the limit m G → 0 the ∆ ij term does not vanish, while the ∆ ij is strictly zero in the case of massless graviton. Notice that the FC contribution to the Newton potential vanishes in the case of equal masses (m i = m j ) and its attractive or repulsive nature is related to the sign of the f K f i K ⋆ f j g a (x f ) quantity. It should be recalled that the result of Eq. (22) has been derived in the one-graviton approximation and therefore all the criticisms with respect to the vDVZ discontinuity apply also to it [15, 16] .
Flavor changing processes with massive spin-2 particles
In this section we analyze a few applications of the results derived in section 2 and 3 related to processes that are characterized by the kinematical regimes of small and large values of |q 2 |/m 2 W . At this aim, we consider a scenario containing an elementary massive spin-2 particle in the spectrum coupled to a conserved energy momentum tensor T µν (x) via the interaction Lagrangian
where G µν (x) represents the massive spin-2 field and Λ is a mass-scale free parameter having no relation with the Plank massM P . For the spin-2 free Lagrangian we take the Pauli-Fierz action which is the ghost-free linearized action for a massive spin-2 particle [13] . Since we will consider here only the first order in the 1/Λ expansion, self-interactions of the spin-2 fields can be neglected and the T µν (x) is reduced to the energy-momentum tensor of matter fields in flat-space time. Then, the off-diagonal one-loop correction to the Lagrangian in Eq.(24) can be easily generalized from the gravitational case by replacingM P → Λ. We consider first the case of a decay process
that can be considered as the spin-2 counterpart of the well-known fermion radiative decay f 1 → f 2 γ. In Eq.(25) f 1 and f 2 stand for two generic different fermions of same charge with p 1,2 the corresponding momenta, q = p 1 − p 2 and all the external particles are assumed to be much lighter than the W boson and the fermions running into the loop. The corresponding decay amplitude can be written as:
where ǫ i µν (q) is the polarization tensor of the spin-2 particle of mass m G with the index i = 1, 5 labelling the five independent polarizations and the function g a (x) is defined in Eq. (13) . In obtaining Eq. (26) we have used the fact that for an on-shell spin-2 particle one has q µ ǫ µν (q) = 0 and η µν ǫ µν (q) = 0.
We point out that in the limit m G → 0 the amplitude in Eq.(26) seems to vanish, being proportional to m 2 G . However, the sum over polarizations of a massive spin-2 particle [13, 11] 
contains terms singular as m G → 0. Thus, after summing over all the polarizations, averaging over the initial ones, and integrating over the phase space, the decay width, assuming f 2 massless, reads:
3 ) absorbs the matrix element and phase space corrections. Next we consider the decay of a massive spin-2 particle G → f 2f1 , where f 1,2 are two fermions of different flavor. In the approximation of neglecting the final fermion masses the corresponding amplitude can be obtained from Eq. (14) by setting in it (p · q) = M + = M − = 0 and replacing the function g a (x) with the function G a (x, y) provided in Appendix B, where the full q 2 dependence in the form factors is retained, or
is the spinor of the anti-fermion associated withf 1 . Then, for the corresponding decay width we obtain
is the tree-level decay width of a massive spin-2 particle into a pair of massless fermions of the same flavor, with N c the color factor. Due to the presence of the G is not the case. Indeed, by using the asymptotic expansion of the B 0 (y) and C 0 (x, y) functions at large values of y [17] , we obtain
where Li(x) stands for the usual dilogarithm function andḠ(y) is a pure function of y whose leading term is proportional to log 2 (y)/y, showing that no power-like enhancement is present in the FC decay when m G ≫ m W . Furthermore, due to the unitarity of CKM, the contribution ofḠ(y) vanishes when the sum over all internal fermion masses is performed, so that in the limit m G ≫ m W the decay width reads:
As last example, we consider the high-energy limit of the following FC fermion scattering process
induced by the one-graviton exchange amplitude, where f i,j stands for two fermions of different flavor and X indicate a generic particle. Due to the fact that gravity does not change flavor at tree-level, only the t-channel diagram will contribute to the above scattering (where t ≡ (p 1 − p 2 ) 2 ), provided the X particle is different from the initial and final fermions. In the fermion massless limit, only the first term in Eq.(19), proportional to the G a (x, y) function, will contribute to the matrix element and therefore, regardless the graviton is assumed massive or massless, in the region of large t values (|t| ≫ m 2 W ), the following relation among crosssections holds dσ dt
where dσ dt f i →f i stands for the diagonal part (in flavor) of the tree-level differential cross section of the process f i X → f i X mediated by the one-graviton exchange diagram.
Conclusions
We computed the one-loop flavor-changing quark-graviton vertex verifying all the WI induced by the conservation of energy-momentum tensor. The calculation was performed in the R ξ gauge with ξ = 1, using a modified version of the 't-Hooft gauge-fixing function, and cross-checked in the unitary gauge. We found that the corresponding form factors turn out to be strongly GIM suppressed when the internal fermion masses are much smaller than the W mass. These results can be easily generalized to the corresponding FC lepton-graviton vertices, provided the neutrinos acquire mass of the Dirac type. We investigated the case of a flavor-changing fermion-graviton vertex coupled to an external gravitational source. We show that, due to the angular momentum conservation, gravity and weak interactions induce at one-loop an effective local interaction for the ∆F = 1 transitions. At low energy, the corresponding effective Hamiltonian is given by local operators of dimension eight suppressed by a characteristic scale of order Λ = M P m W ∼ 10 10 GeV. Thus gravitational FC effects are completely negligible when compared to the known contribution of ∆F = 1 dimension six operators of the SM. We showed that, in the case of massless graviton, the locality of the FC gravitational interaction is related to the cancellation of 1/q 2 pole in the corresponding one-graviton exchange amplitude. The latter does not take place if the graviton has a small mass signaling another aspect of the known vDVZ discontinuity in the graviton mass. Indeed we showed that in the graviton-massive case the Newton potential acquires a FC contribution that vanishes in the limit of equal external masses. As a few applications of our results we analyzed a new physics scenario containing massive spin-2 particles coupled to the SM fields. In this framework, we calculated the width of the FC decay f 1 → f 2 G and the decay of an heavy spin-2 particle in two fermions of different flavor, G → f 2f1 . Finally, as a consistency test of our results, we studied the asymptotic behavior for large spin-2 masses of the decay G → f 2f1 and the high-energy limit of the gravitational scattering f 1 X → f 2 X (with X = f 1,2 ) with respect to the GIM mechanism. We explicitly check that also in the asymptotic limit, the GIM mechanism acts in the usual way strongly suppressing the process for small internal fermion masses.
The results presented for the massive graviton can be easily generalized to the case of a graviscalar, φ S , whose interaction with the SM fields can be described by
In particular, the counterpart of Eq.(22) for the graviscalar reads:
with ∆ S ij = 6∆ ij . The width of the FC decay f 1 → f 2 φ S neglecting the mass of the produced particles is instead:
Finally, because the coupling between a graviscalar and the fermions is proportional to the fermion mass, the decay width of a graviscalar into two massless fermions is null. where
with F 1 (p, q) = f 1 (p, q), F 2 (p, q) = f 5 (p, q), F 3 (p, q) = f 9 (p, q), F 4 (p, q) = f 4 (p, q), and 
we find 
An analytic result for the function C 0 (x, y) can be obtained from Refs. [18, 17] . The functions 
Notice that, despite the presence of pure log(x) terms (not multiplied by x) in Eqs.(45)-(47), the G a.b.c (x, y) functions turn out to be of order O(x) for small x. This is because the log(x) terms cancel out when summed to the corresponding terms proportional to the B(ȳ) function. Indeed, B(ȳ) = log(x)+O(x). Therefore, as expected by the infrared behavior of the diagrams in Fig. 1 , for small internal fermion masses, the GIM mechanism strongly suppresses the TFCNC in all range of q 2 .
